Модели стохастической замены времени для опционов на основе полупараметрических оценок by Малиновский, С.В. & Назаров, Л.В.
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XM (t;σ, λ, ω, η) = σBt +
N(t)∑
k=1
χk,
 Bt 8  ) 4 &/ 7&/' Ft# χk
*K 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
-'  /K λ# -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  -& &0
H&* %*# σ > 0, λ > 0, ω ∈ R, η > 0m -' wr ! w^W[^NFO
r^QQ^ 8 **8- -'" k;?l
XV G (t;σ, θ, ν) = b (γ (t; 1, ν) ; θ, σ) ,
 γ (t; 1, ν) 8 **8-'  -** 1  ν#  b (t; θ, σ) = θt + σBt, Bt 8
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XS (t;σ, α) = σLα,−1t , !A"
 Lα,βt (t) / 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0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 α 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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[1, 2]#   - α < 1 -&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sm(t) ≡ lnSm(t) = (r − d + μm) t + Xm(t)
! d 8 - 0&,*,   - )%* # μm 8
# )IKI, -' exp [Xm(t) + μmt]  *&#  m 8 &/8
 )%0 7 *&" 
 50 7'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ϕMs(t) (u;σ, λ, ω, η) = exp
[
t
(
iu
(
r − d + μM)− u2σ2
2
+ λ
(
exp
[
iuω − u
2η2
2
]
− 1
))]
,
μM = −λ
[
exp
(
ω +
η2
2
)
− 1
]
− σ
2
2
;
ϕV Gs(t) (u;σ, θ, ν) = exp
[
iu
(
r − d + μV G) t] [1− iθνu + (σu)2ν
2
]− tν
,
μV G =
1
ν
ln
[
1− θν − σ
2ν
2
]
;
ϕSs(t) (u;σ, α) = exp
[
t
(
iu
(
r − d + μS)− (iuσ)α
cos πα2
)]
, !D"
μS =
σα
cos πα2
.
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 pmar (K,T ; t)  H*-0 ' -8
' &&  -  ' -&, K  *  -&, T  **
* t. )%0* cM (K,T ;σ, λ, ω, η), cV G(K,T ;σ, θ, ν), cLS(K,T ;σ, α) 8
0 ' -' &&  ' -&, K  *  -&8
, T & *&,* 1# wr  y #  pM (K,T ;σ, λ, ω, η),
pV G(K,T ;σ, θ, ν), pLS(K,T ;σ, α) 8 '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Θ̂m (tk) = arg min
Θ∈D
9∑
j=1
⎡⎣ ∑
{K>Fj(tk)}
(cmar (K,Tj (tk) ; tk)− cm (K,Tj (tk) ;Θm))2 +
+
∑
{K≤Fj(tk)}
(pmar (K,Tj (tk) ; tk)− pm (K,Tj (tk) ; Θm))2
⎤⎦ ,
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T̂m (tk) = arg min
0<T1≤T2≤...≤T9
9∑
j=1
⎡⎣ ∑
{K>Fj(tk)}
(cmar (K,Tj (tk) ; tk)−
−cm
(
K,Tj ; Θ̂m (tk)
))2
+
∑
{K≤Fj(tk)}
(pmar (K,Tj (tk) ; tk)−
−pm
(
K,Tj; Θ̂m (tk)
))2]
.
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T1 (tk) , T2 (tk) ,   , T9 (tk) !&/ tk" 
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T̂m (tk)  *5 ' 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v̂m (t; tk) =
T̂mj+1 (tk)− T̂mj (tk)
Tj+1 (tk)− Tj (tk) , j = 0, 8, k = 1, 12,
 T̂mj (tk) / j8 *-  T̂
m (tk) ,  T k0 ≡ T̂m0 (tk) ≡ 0, ∀k,m.
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M  (3#F (=!)5((E( $! ) ('($ 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)?#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)
 -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, ,
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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& -&4  $778&/*   o-* 
) kCl  )I* 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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)
%K,  . y(t) 50 77'&/ ,
dy(t) = −λy(t)dt + dz(t),
GA 
	 	    
 λ > 0,  z(t) 8 -' ( 
1 .& ))I/  & *& , &  -8
* *,  0 z(t) -'  '* -I,* 
*# ** -' &  vIOU (t) - * Q  
vIOU (t) = p + ξ0e−γt +
N(t)∑
k=1
ξke
−γ(t−tk),
 p, γ 8 -&4&/ # N(t) 8 - -'  8
/K λ# tk 8 0 0 N(t)#  ξk *K -%&/ -& 
-** eθtk #   
fξk (x| tk = t) =
{
b exp
[
θt− beθtx] , x ≥ 0
0, x < 0. .
ξ0 -&4* *KI **8-&  -**
λ
γ  b#   
fξ0 (x) =
⎧⎨⎩ b
λ
γ x
λ
γ
−1
e−bx
Γ( λγ )
, x ≥ 0,
0, x < 0.
.
' N(t)  &0 &0 ξ0, ξ1, ... -&K, %** )8
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0 i ,&,, I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/#
0 -' y(t) = vIOU (t) − ξ0e−γt − p ,&,, .* ; 8
, .8	&)
dy(t) = −γy(t)dt + dz(t),
 z(t) 8  &4 - -'  /K λ  
H-'&/* -&* 0  ** * t  -** beθt.
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)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/ % 0 -' -
K  &0* 
 0 )% -' 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 %* -'# , -&,*, *
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0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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-&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MLS(t) = exp
[
μSt + XS(t)
]
 %* -' ' SIOU (t) - * Q &KI* )%*@
SIOU (t) ≡ e(r−d)tZIOU (t) = e(r−d)tMLS(T IOU (t)),
 T IOU (t) -& & !;" +** ! -/"# 0 -'
T IOU (t) ,&,, &0 %* * k;<l  * - 8
 ' ZIOU (t) ,&,, *&* - * Q !%&/ H
7 ,&,, 50*  - - %-" 

&, 0&, ' -'  *5  *& * -)%
9/ -' sIOU (t) :
ϕIOUs (u) ≡ E exp
[
iusIOU (t)
]
= eiu(r−d)tE exp
[
iu
[
XS
(
T IOU (t)
)
+ μST IOU (t)
]]
=
= eiu(r−d)tEE
(
exp
[
iu
[
XS
(
T IOU (t)
)
+ μST IOU(t)
]]∣∣T IOU (t) = T ) = !E"
= eiu(r−d)tEE
[
e−TΨ
μ
S(u)
∣∣∣T IOU (t) = T ] = eiu(r−d)tLT IOU (t) (ΨμS (u)) ,
 ΨμS(u) / 50, H- -' XS(t)+μ
S(t),  LT IOU (t)(s)
/ -)% (-& -' T IOU (t).  * )%*# %0 548
, 50 7' -' s (t) ,  0&, -)8
%, 7'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0* ,&,, %&/ # 0
, 7', -*  &KI* @
LT IOU (s) = exp [−spt]
[
1 +
s (1− e−γt)
γb
]−λγ
exp [λt (h (s, t)− 1)] ,
h(s, t) =
∫ 1
0
dx
1 + sγbe
θt(x−1) (1− e−γtx) .
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.- *& ,& K -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%  -*# λ 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T IOU (t, t + p) =
∫ t+p
t
vIOU (u)du
GE 
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-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L1 (p; b, λ, γ) ≡ lim
t→+∞LT IOU (t,t+p) (s; b, λ, γ) =
=
[
1 +
s
bγ
(
1− e−γp)]− λsγ(s+bγ) exp [− sλp
s + bγ
]
.
&* %* λ  ω ≡ λγ  ** γ  )0@
lim
γ→+∞L1 (p; b, λ, γ) = exp
[
−ωsp
b
]
.
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λp
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*/   λ 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&./ 0%
λ
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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*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8
*&/  &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 -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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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LRi
(
ei; Θi
)
=
N∏
k=1
fi(ei,k; Θi),
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 fi(x; Θi) 8 -&/ -&, .) i8 *&#  ei = (ei,1, ei,2, ..., ei,N )
8  .)# -*5  *&/K )%0* 4
LLRi
(
ei,Θi
) ≡ lnLRi (ei,Θi) .
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Î0 =
LLRi
(
ei,Θi
)− LLRj (ej ,Θj)√
Nε̂ij
,
 ε̂ij 8 ' -
[
fi(ei,k; Θi)− fj(ej,k; Θj)
]
.  -&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 8
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Î1 = Î0 − (p− q),
Î2 = Î0 − (p− q)2 lnN,
Î3 = Î0 − (p− q) ln lnN,
 p  q 8 0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 Î2,    *** H-* * H 8
 %0 )&/. .7 % -&&/ ) -8
* # - -&  -% ) H& *&
 *& --), - ;8*  %0* *&/ y , 
-&/% . *& */ % % '#  . *&/  -&/% *& y
8 &/  % ,/  .-5 %&/5# *4 &/
%&K0# 0 . *&/ ,&,,  7*' 0 %, ,&,,
  -5 , %5 & - &/* 0
-)&4, &/5 -'5  
N  (3#F (=!)5((E( $! ) ('($ OL'=(5)#F(=")''(
($'(E(P =!(5'')
* % -&4&/5 - -& *  -I 0
*& ,&,, %& ) -*  -KI -' -5
   !b, ω"  -,, 0*  )I -&8
  %5 *5 %5 !θ"   0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v(t) = p + qbN(t),
 p, q 8 -&4&/ # b ∈ (0, 1) , N(t) 8 - -'
 /K λ 0*  -0 0 %, * 8
 -'# -).*  )/  0 -' & 
* # ,&,, -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, (-& LTSTC(t) (s) 8
KI * -' -' *  
LTSTC(t) (s) = e−(sp+λ)t
+∞∑
l=0
(λt)l
l!
Ll (s) , !<"
Ll (s) =
{
exp [−qst] , l = 0,
exp
[−qstbl]∏lk=1 1−exp[−qst(1−b)bk−1]qst(1−b)bk−1 , l ∈ N. .
1 *  & -I/ 4 &, Ll (s)  '# 0) 8
&/ )& &, 5*/ -&&/ *4&  -%8
  ' 
-& &KI, '  ,  !<" ∀ε > 0∣∣∣∣∣
+∞∑
l=l∗
(λt)l
l!
Ll (s)
∣∣∣∣∣ ≤ ε,
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Γ (l∗, Cλt) |Ll∗ (s)|
Cl∗ ≤ εe−Cλt,
l∗ ≥ − logb (qt (1− b) |s|) .
!B"

Γ (a, x) =
1
Γ (a)
∫ x
0
ta−1e−tdt,
C =
√
6e.
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k;l Mx^[xO z iNVTWQ^R[TN eSOTW` ^NU ^N csRONX[TN RT RSO [xOY[STTU |^R[T vW[NF[aYO#
[N   vORWTZ ^NU  ]X^x[# OUX #@ vWTFOOU[N\X TV RSO yOFTNU iNROWN^R[TN^Y
y`QaTX[_Q TV iNVTWQ^R[TN eSOTW`# ;G<?# Mx^UOQ[^[ [^UT# _U^aOXR 
kCl ^WNUTW8[OYXON YO# ySOa^WU  TN8r^_XX[^N WNXRO[N8SYONbOFx8^XOU
uTUOYX ^NU yTQO TV eSO[W XOX [N [N^NF[^Y cFTNTQ[FX tt }T_WN^Y TV RSO |T`^Y
yR^R[XR[F^Y yTF[OR` # N< v^WR C !C==;"# aa ;E<8CA; 
k?l Y^Fx  # yFSTYOX u eSO vW[F[N\ TV aR[TNX ^NU ]TWaTW^RO [^b[Y[R[OX tt }T_WN^Y
TV vTY[R[F^Y cFTNTQ` B; !;G<?"# aa E?<8EDA 
kAl ]^WW v # rOQ^N z # u^U^N q # TW u yRTFS^XR[F wTY^R[Y[R` VTW OZ` vWTFOXXOX tt
u^RSOQ^R[F^Y [N^NFO# wTY ;?# T ? !C==?"# aa ?AD8?BC 
kDl ]^WW v # u^U^N q aR[TN w^Y_^R[TN X[N\ RSO ^XR T_W[OW eW^NXVTWQ tt }T_WN^Y
TV ]TQa_R^R[TN^Y [N^NFO# C !;GGG"# aa E;8<? 
kEl ]^WW v # f_  eSO [N[RO uTQONR T\ yR^bYO vWTFOXX ^NU aR[TN vW[F[N\ tt eSO
}T_WN^Y TV [N^NFO# wTY DB# T C !MaW[Y C==?"# aa <D?8<<< 
k<l ]^WW v # f_  e[QO8FS^N\OU OZ` vWTFOXXOX ^NU aR[TN vW[F[N\ tt }T_WN^Y TV
[N^NF[^Y cFTNTQ[FX# wTY <; !C==A"# aa ;;?8;A; 
kBl rOQ^N z # u^U^N q # TW u e[QO ]S^N\OX VTW OZ` vWTFOXXOX tt u^RSOQ^R[F^Y
[N^NFO# wTY ;;# T ; !}^N_^W` C==;"# aa <G8GE 
kGl z^NN^N c } # ~_[NN  r eSO qOROWQ[N^R[TN TV RSO WUOW TV ^N M_RTWO\WOXX[TN
tt }T_WN^Y TV RSO |T`^Y yR^R[XR[F^Y yTF[OR` # K4# C !;G<G"# aa ;G=8;GD 
k;=l z^WW[XTN } u # vY[Xx^ y | u^WR[N\^YOX ^NU yRTFS^XR[F iNRO\W^YX [N RSO eSOTW`
TV ]TNR[N_T_X eW^U[N\ tt yRTFS^XR[F vWTFOXXOX ^NU RSO[W MaaY[F^R[TNX# ;; !;GB;"#
aa C;D8CE= 
k;;l z_^N\ } 8 # f_  yaOF[gF^R[TN MN^Y`X[X TV aR[TN vW[F[N\ uTUOYX ^XOU TN
e[QO8]S^N\OU OZ` vWTFOXXOX tt eSO }T_WN^Y TV [N^NFO# wTY DG# T ? !C==A"#
aa ;A=D8;AA= 
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 ;=;
k;Cl OP[X MY M y[QaYO aR[TN TWQ_Y^ VTW rONOW^Y }_Qa8q[_X[TN ^NU RSOW
csaTNONR[^Y OZ` vWTFOXXOX u^N_XFW[aR# cNZ[X[TN [N^NF[^Y y`XROQX ^NU
aR[TN][R  `NOR !C==;"# OPaTWR O^FS# ]^Y[VTWN[^# yM 
k;?l u^U^N q # ]^WW v # ]S^N\ c eSO w^W[^NFO r^QQ^ vWTFOXX ^NU aR[TN vW[F[N\
tt c_WTaO^N [N^NFO |OZ[OP C !;GGB"# aa <G8;=D 
k;Al uOWRTN | ] aR[TN vW[F[N\ fSON NUOWY`[N\ MXXOR |OR_WNX ^WO q[XFTNR[N_T_X
tt }T_WN^Y TV [N^NF[^Y cFTNTQ[FX ? !;G<E"# aa ;CD8;AA 
k;Dl yFSP^WRj r cXR[Q^R[N\ RSO q[QONX[TN TV ^ uTUOY tt MNN^YX TV yR^R[XR[FX E !;G<B"#
aa AE;8AEA 
k;El w_TN\ ~ [xOY[STTU |^R[T eOXRX VTW uTUOY yOYOFR[TN ^NU TN8OXROU z`aTRSOXOX
tt cFTNTQORW[F^# wTY D<# T C !u^W ;GBG"# aa ?=<8??? 
k;<l (-'  o # o,    , *& 1 @ # ;GBE 
